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Abstract
The objective of the present work is to present the
latest results in eﬀects of including large blade de-
ﬂections in aeroelastic calculations and to quantify
the errors of the linearized approach for a modern
ﬂexible mega-watt sized turbine.
In this paper three nonlinear approaches have
been used to quantify the eﬀects of large deﬂec-
tions. One approach is a rather simple extension of
the already existing aeroelastic code HAWC, which
changes the calculation basis so that small deﬂec-
tions are assumed around an initially large deﬂected
blade shape. The second approach is based on a
multibody formulation of the beam element used
in HAWC, where nonlinear eﬀects are included as
a result of modelling the blade using several in-
terconnected bodies. The third approach is a co-
rotational ﬁnite element formulation where each el-
ement can be regarded as linear and the nonlinear
eﬀects are included by translation and rotation of
the local element coordinate system. The results
from the three nonlinear approaches are compared
with results obtained by the existing HAWC, and
the impact on the following main eﬀects (due to
large deﬂections) are addressed:
1. The reduction of the eﬀective radius.
2. The reduction of power production due to the
reduced eﬀective radius.
3. The eﬀect of increased torsional inertia of the
blade due to the deﬂected shape.
4. The change of blade frequencies due to changes
in inertia and coupling eﬀects.
1 Introduction
Most aeroelastic codes used today are based on
modal expansion techniques or ﬁnite beam element
theory, which for the majority are based on assump-
tions of small blade deﬂections and rotations. The
validity of these assumptions seems to be less obvi-
ous for the new large wind turbines with very soft
blade design than it has been previously. Many
nonlinearities dealing with large blade deﬂection ex-
ist e.g. regarding material properties, buckling be-
havior, delamination etc., but these eﬀects are not
a part of this analysis. The nonlinearity dealt with
in this paper is the eﬀect of calculating the inertia
in the deﬂected location and placing the loads on
the deﬂected structure. Stiﬀness properties of the
blades are still assumed linear.
The turbine chosen in the present investigation
is a modern pitch controlled turbine in mega-watt
size. The turbine data are modiﬁed slightly by as-
suming shear centers and mass center to be in the
center of elasticity of all blade sections. All deﬂec-
tions are normalized with respect to rotor radius,
power output is normalized with respect to nominal
power and frequencies are normalized with respect
to 1P nominal rotational speed.
In section 2 the three methods are described. In
section 3 the codes are compared through static cal-
culations and changes in natural frequency as func-
tion of deﬂection are investigated. In the end of this
section the eﬀect on power performance and struc-
tural loads has been investigated with the modiﬁed
HAWC approach.
2 Methods
In the following a short description of this code is
given together with a explanation of how the new
model is implemented.
2.1 The code HAWC
HAWC (Horizontal Axis Wind turbine Code) [1],
[2], [3] is an aeroelastic code with the purpose of
predicting load response for a horizontal axis two
or three bladed wind turbine in time domain. The
program is so far considered to represent the state-
of-the-art within aeroelastic modelling of wind tur-
bines. The program consists of several sub-packages
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Figure 1: Illustration of the structural model of
HAWC.
each dealing with a speciﬁc part of the turbine and
the surroundings. In the rest of the paper this ver-
sion of the code is referred to as HAWC orig.
The core of the program is the structural model,
which is basically a ﬁnite element model based on
prismatic Timoshenko beam elements. The turbine
is divided into three substructures; Tower, nacelle
and rotor, see Figure 1. Each substructure has
its own coordinate system which, due to a kine-
matic analysis of the movement and rotation of the
substructure, allows for large rotations of the indi-
vidual substructures with representation of inertia
loads inside the substructure. Within a substruc-
ture, which consist of several beam elements, the
calculation of deﬂections is linear and all forces are
placed on the structure in the un-deformed state,
hence large deformations within a substructure are
not correctly represented.
Another limitation of the code is that the pitch
bearing shown in Figure 1 is not implemented in the
same way as the bearing in the tower top and the
rotor center. In the tower top and in the rotor cen-
ter the bearings connect the above mentioned sub-
structures with representation of inertia loads For
the pitch bearing this is not a real degree of free-
dom, hence no inertia loads are included. When the
blades are pitched, the node positions are moved to
the new position within the substructure coordi-
nate system. This means that the blade position is
correct, but the local velocities, accelerations and
inertia loads due to the pitch rotation are not in-
cluded.
Since the loads are placed on the structure in the
un-deformed state the pitch moment for a deﬂected
blade is initially incorrect in the HAWC code. The
reason for this is that all loads on the blades in
a deﬂected situation will have a moment arm to
the pitch axis creating a signiﬁcant pitch moment
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Figure 2: Illustration of pitch moment contribu-
tions from blade loads in the deﬂected location.
contribution, see (1) and Figure 2.
MD(z) =
∫ zmax
z
sD(z)× dF
D(z)
dz
dz (1)
where the index D refers to the local coordinate
system in the deformed state illustrated in Figure
2. s is the deformation vector referring to the local
coordinate system in the deﬂected state D and F is
the external force.
To account for this model limitation a correction
procedure has been included, see (2). In the cor-
rection procedure an external pitch moment in the
blade nodes, which is caused by loads and deﬂec-
tions further out the blade, is applied.
Mn = (sn+1 − sn)× Fakk,n+1,
Fakk,n =
nmax∑
i=n
Fi (2)
whereM is a vector {Mx,My,Mz}T containing the
additional moment contribution from forces further
out the blade. s is the deformation vector referring
to the initial substructure coordinate system and
Fn is the external forces in blade number n. Eq. (2)
only results in correct pitch moments at the blade
root (which is important for dimensioning of pitch
systems), but is too large further out the blade.
This results in too large pitch rotations at the tip,
which increases with the lack of torsional stiﬀness
of the blades.
2.2 Modifications of HAWC
Since the blade deﬂections for modern wind tur-
bines (especially the pitch controlled turbines) are
large compared to what was observed just a few
years ago, the errors in the structural linear as-
sumptions mentioned above, should be quantiﬁed.
A ﬁrst-hand attempt to include some of the lacking
features in HAWC is to move the calculational ba-
sis from the un-deformed state to a large deformed
state from where small deﬂections occur. In the rest
of this paper this code is referred to as HAWC ins.
The original system of equations are formulated
Mx¨+Cx˙+Kx = F (3)
where M, C, K and F are nonlinear matrices con-
stantly updated. If the deformation vector x is di-
vided into a constant initial vector xi and a varying
vector xv (3) can be rewritten into (4) under the as-
sumption that x˙i ≡ x¨i ≡ 0
Mx¨v +Cx˙v +Kxv = F−Kxi (4)
which is basically the new system of equations to
be solved during the time simulation. The matrices
M, C and K in (4) are in fact not totally identical
to the matrices in (3) since the local mass, stiﬀ-
ness and damping properties are transformed from
the local element coordinates (where they are un-
changed) into substructure coordinates.
The change of basis is carried out at an initial cal-
culation with only the wind speed, pitch angle and
rotational speed as input parameters. The static
blade deformation is calculated with a special pro-
cedure that ensures that the curved length of the
blades remain unchanged. The constant loads on
the blades are stored in a vector, which is later used
to subtract the loads during time simulation so only
relative loads are used to calculate deformations
from the initially deﬂected basis. In the bearing
node between shaft and rotor the subtracted forces
are added to the shaft to ensure that loads on the
shaft and tower are absolute and not relative.
Since the time simulation only includes relative
forces and deﬂections on the rotor, the initial reac-
tion forces and deﬂections are added to the relative
forces and deﬂections in the write out of load and
deﬂection sensors.
2.3 Multi-body formulation
The multi-body approach has several similarities
with the existing formulation of the current HAWC,
but is formulated in a much more general way. As
for the HAWC code the wind turbine is divided
into several substructures, also referred to as bod-
ies. This is done by using the multi-body formula-
tion to describe the behavior of each substructure
(cf. [4]). The substructures includes its own co-
ordinate system with calculation of internal iner-
tia loads when this coordinate system is moved in
space, hence large rotations and translation of the
substructure is accounted for. Inside a substruc-
ture the formulation is linear, which means that e.g.
large deﬂection eﬀects of the blades are taken into
consideration when the blade is subdivided into sev-
eral substructures. The essential diﬀerence for the
multi-body formulation to e.g. the current HAWC
is the formulation of diﬀerential equations (mass,
stiﬀness and damping matrices), where the diﬀerent
substructures mass, stiﬀness and damping elements
are isolated from the rest of the equations, hence it
is very easy to change from one type of substruc-
ture to another. The coupling between the sub-
structures is done through introduction of coupling
constraints in the equations, e.g. bearing properties
are formulated as a special constraint.
The amount of substructures is optional and so is
the location, however, choosing to few bodies will
result in a reduction of a nonlinear problem to a
linear.
2.4 Co-rotational formulation
Taking into account large displacements and rota-
tions requires a geometrical non-linear ﬁnite ele-
ment formulation. An alternative to the multi-body
formulation is the co-rotational approach. The es-
sential idea is to split the overall response into a
rigid body rotation and translation, and the defor-
mation of the element. This is achieved by assigning
a local coordinate system to each element which ro-
tates and translate with the element. If an element
is chosen to have a proper length the deformations
are small relative to the local coordinate system and
a linear representation of the element can be used.
The geometrical non-linear eﬀects are included in
the translation and rotation of the local coordinate
system.
In the following the methodology in [5], [6] and [7]
is used. Only few equations are shown here. For a
full detailed description please see [5] and references
therein.
As mentioned, the deformations and rotations
can be regarded as small and linear in the local
frame coordinate system. This leads to the follow-
ing simple relation between the local nodal forces
and local nodal displacements.
fl = Klql (5)
The term Kl if the usual linear stiﬀness matrix for
the element used.
The nodal triads are deﬁned as vectors for each
direction denoted t1, t2 and t3 for nodal point one
and q1, q2 and q3 for nodal point two. The nodal
triads are assembled in matrices denoted T and Q
where each row in the matrices are the previous
mentioned vectors. The triad for the local frame for
the beam element is equivalent a matrix assembled
by the vectors for the three directions.
The global variables can be found from the local
variables by a transformation matrix as follows
∂ql = F∂q (6)
Thus giving the global internal forces as
f = FT fl = FTKlql (7)
The transformation matrix F is a 12 by 12 matrix.
Each row is a vector denoted f1, f2, ..., f12 and
can be derived from the element node triads, the
element base triad and some rotation matrices given
in [5].
The equilibrium can be written as
∂qi = (Kt1 +Ktσ)∂p (8)
whereKt1 is the linear stiﬀness matrix transformed
from the local coordinate systems to the global co-
ordinate system (Kt1 = FTKlF). The term Ktσ
is geometric stiﬀness matrix. The details in the
derivations of the term the authors suggest to read
reference [5] and references therein.
The dynamic equations are derived on the ba-
sis of the Newmark method. The extension of this
method compared to standard Newmark is to in-
clude the dynamic equilibrium with rotations. For
further detail please read chapter 24 in [5].
3 Simulations
The three diﬀerent approaches have been compared
in diﬀerent situations. The ﬁrst calculation is a
simple calculation at standstill with deterministic
static loads on the blades. Blade deﬂection shapes
are compared. Then the dynamics have been com-
pared by exciting the turbine vibration modes at
standstill to investigate the frequency change as
function of deﬂection.
Since only HAWC and the modiﬁed HAWC ap-
proach has included aerodynamic loading at present
time, only this and the original HAWC formulation
has been used to investigate the inﬂuence of large
deﬂections on loads and power production.
3.1 Static blade deflection
To compare the codes in a simple way, a static de-
terministic load in the blade ﬂap direction linearly
increasing from the hub to the tip is applied. Loads
and deﬂection are compared in Figure 3 and 4. The
load size shown in Figure 3 and 4 is the integrated
ﬂapwise loading of one blade. For the two HAWC
version the ﬂapwise loads are placed on the struc-
ture in the blade root coordinate system. For the
multi-body and the co-rotational approaches the
forces moves according to the deﬂection, which is
the reason for the diﬀerences in edgewise blade root
moments. The ﬂap and edgewise deﬂection is al-
most identical, but for the torsional rotation of the
tip, diﬀerences are seen. The HAWC calculations
show a rotation of 5.7◦ when the blades are de-
ﬂected 0.27 rotor radius. The explanation for this
is the torsion moment correction procedure shown
in eq. (2) which results in too high torsional mo-
ments at the outer part of the blades where the
torsional stiﬀness is low. The multi-body shows a
limited torsional rotation of 0.5◦, whereas the co-
rotational formulation shows a rotation of 0.2◦.
What is also important to notice is the reduced
ﬂapwise deﬂection of the nonlinear approaches com-
pared to the original linear HAWC approach (see
Figure 4). This diﬀerence in deﬂection could very
well be of importance for blade designers.
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Figure 3: Calculated blade deﬂection shapes.
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Figure 4: Load and deﬂections for the static load cases.
Rotor mode Frequency [-]
1st tower 2.32
1st yaw 3.97
1st tilt 4.16
1st symmetric flap 4.49
1st shaft torsion 5.06
1st edge 1 5.47
1st edge 2 5.62
Table 1: Frequencies at standstill normalized with
1P rotation frequency.
3.2 Dynamic analysis
As the blades are deﬂected their inertia and stiﬀ-
ness with respect to the blade root coordinate sys-
tem changes, hence the natural frequencies changes
as function of deﬂection. This is most obviously un-
derstood dealing with the inertia around the pitch
axis. For a blade deﬂected in the ﬂapwise direction,
the inertia around the pitch axis increases signiﬁ-
cantly. If the blade torsional frequency was mainly
determined by the inertia around the pitch axis and
the stiﬀness in the pitch actuator, this frequency
would decrease when the blade is deﬂected. How-
ever since the stiﬀness of the pitch actuator system
is not included in the models in this paper, the tor-
sional frequency is merely determined by the inertia
around the local bending centers and the torsional
stiﬀness of the blade sections, which is the reason
that the torsional frequency in the calculations re-
main unchanged (not shown).
To investigate the change in frequencies, due to
the deﬂection, a simulation is carried out where the
turbine at standstill is excited with a white noise
random force in the tower top. Hereby all rotor nat-
ural frequencies are excited. The frequency shift is
observed with power spectral analysis of the blade
root ﬂap, edge and pitch moments at the diﬀer-
ent load levels as shown in Figure 5, 6 and 7. In
the original HAWC no change in frequency occurs,
whereas an increment in blade ﬂap and edgewise
frequency is seen in HAWC INS. In the multi-body
formulated code an increase in ﬂap frequency is
seen, but the edgewise frequency remain more or
less unchanged. The reason for the increased nat-
ural frequency of the blade ﬂap frequency is the
changed inertia of the rotor. As the blade deﬂects,
the absolute distance of all blade inertia to the
blade root, is reduced, leading to higher ﬂap fre-
quency. For the blade edgewise frequency the case
is more complex. As the blade is deﬂected ﬂapwise
the mode shape of the edgewise frequency couples
to the torsional stiﬀness of the blade, which have a
stiﬀness reducing eﬀect. At the same time a stiﬀ-
ness increasing eﬀect occurs since the external loads
on the blade creates a torsional moment that twist
the blades, which mean that the external loads in
the deﬂected case has an increasing stiﬀness eﬀect.
The two eﬀects counteract each other leaving the
frequency more or less unchanged. The reason that
the HAWC INS model predicts the edgewise fre-
quency too high, compared to the multi-body code,
is due to the conservative expression in eq. (2)
which overpredicts the torsional moment locally on
the blade, hence the stiﬀness increasing eﬀect is too
high.
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Figure 5: PSD at standstill. HAWC orig. Frequencies remains unchanged.
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Figure 6: PSD at standstill. HAWC INS. The blade ﬂap and edgewise frequencies are increasing
due to the blade deﬂection.
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Figure 8: PSD at standstill. Co-rotational formulation. The blade ﬂap frequency is increasing due
to the blade deﬂection and the edgewise frequency increases slightly.
Wind speed Power production Dev. area
HAWC orig HAWC INS HAWC INS
4 1.000 0.994 0.9996
6 1.000 0.986 0.9983
8 1.000 0.975 0.9949
10 1.000 0.975 0.9905
12 1.000 0.979 0.9870
14 1.000 1.000 0.9832
Table 2: Power production at diﬀerent wind speeds
- normalized with respect to HAWC orig calcula-
tions. In the last column is shown the eﬀective rotor
area in the HAWC ins normalized with respect to
the original area.
3.3 Power performance
As the blades deﬂects, the eﬀective rotor radius
changes, which leads to a change in power perfor-
mance. To investigate the inﬂuence on the chosen
pitch regulated turbine a series of power curves have
been performed. Power performance is calculated
for a turbine with stiﬀ and soft blades. The rotor
has no cone angle. The results can be seen in Table
2. The basic aerodynamic calculation method is a
BEM-method with tip-loss correction according to
Prandtl, see [8].
3.4 Loads and deflections
To compare the inﬂuence on loads a fatigue load
spectrum based on IEC61400-1 class 1B has been
calculated. The load cases are normal produc-
tion cases with winds speed ranging from 4 m/s to
24 m/s. From Figure 9 is seen that the inﬂuence on
large deﬂections results in lower power production
at low wind speed and a lower pitch angle setting
at high wind speed, which is a direct result of the
lower eﬀective rotor radius. This can also be seen
in the tower bottom tilt moment. The mean ﬂap
moment increases at high wind speed, mainly due
to the change in pitch setting. The pitch moment
seem to decrease in average. From the simulations
no main tendency in change of fatigue load levels
could be obtained.
4 Conclusion
The inﬂuence of including the eﬀect of large de-
ﬂections in wind turbine load simulations has been
investigated. In the investigation a modiﬁcation of
the aeroelastic code HAWC has been carried out so
that small deﬂections are assumed around an ini-
tially large deﬂected blade shape. A second method
used in the investigation is a multi-body formulated
structural code, which has the nonlinear eﬀect in-
cluded as a result of dividing the blade into several
inter-connected bodies. The third method is the co-
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Figure 9: Mean levels of selected sensors of load
simulations.
rotational formulation where each element includes
its own coordinate system.
The primary eﬀect of including the inﬂuence on
large deﬂections is that the eﬀective rotor area
changes. This change in eﬀective radius causes a
reduction in power output at low wind speeds and
a change in pitch angle setting at high wind speeds.
At high wind speed this change in pitch angle set-
ting leads to a higher ﬂapwise mean load level. The
mean level of the rotor thrust is reduced due to the
reduced rotor area. No main diﬀerences regarding
fatigue load levels could be obtained from the load
simulations.
For the structural behaviour of the blades an in-
crement in ﬂap frequency is seen as function of de-
ﬂection, which is mainly caused by a change in in-
ertia as the blade deﬂects. The edgewise frequency
seems to remain constant due to two counteract-
ing stiﬀness eﬀects. As the blade is deﬂected in the
ﬂapwise direction the inertia of the edgewise mode-
shape couples to the torsional stiﬀness of the blade
creating a decrease in frequency which is counter-
acted by the coupling between the external loads
coupling to torsion of the blade in the deﬂected
shape.
The eﬀects of large deﬂection are for the modern
turbine in a size where it is no longer totally ne-
glectable. Fortunately the main eﬀect is regarding
power production, which does not results in safety
issues. The linear codes are conservative regard-
ing tip deﬂections, but regarding fatigue loads there
seems to be only minor signiﬁcant diﬀerences. As
the size of the turbines increases the eﬀects will
most likely increase as well.
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